In any triangle with usual notations, prove that
(a+2r)(b+2r)(c+2r) > 2R3*(J3 +5).
Solution by Arkady Alt, San Jose ,California, USA.

Since 2(V3 +5) = (,/? + 1)3 then the inequality can be rewritten as
(1) (@+2r)b+2r)e+2r) = RSB +1))

First note that for any triangle inequality of the problem is not right.
Counterexample for obtuse triangle:

Leta=/3,b=c=1.ThenR=1,s 2+‘/_ 2‘/_2_3,

(a+2r)(b+2r)(c +2r) = (1+2'N_T_3> (ﬁu-#) _
(23 -2)'(GV3-3) =12(V3 - 1), R(J3 +1) = V3 + 1 and
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Counterexample for right triangle:
Leta =5,b=3,c =4. ThenR—g, l”zﬁzl,
(a+2r)(b+2r)(c+2r) =B3+2)4+2)(5+2) =210,

2R3(3J3 +5) :2.(%)3(3ﬁ+5) = 125<3f+5> > 125(i+5) = 250.

Since a right triangle can be considered as limit state of an acute tringle then

we can conclude that the inequality of the problem isn’t holds in the set of any
acute triangles. But since it is right if for equilateral tringle (in that case we have

R=2ra=b=c=2rf3 ,(a+2r)* = (23 +27)° = (V3 +1)7'8r = R3(J3 + 1))

| desided to check as appropriate variant of original problem the following
problem:
In any triangle with usual notations, prove that

(2) (@+2)(b+2r)(c+2r) 2167 (B3Y3 +5) = (2r(V3 +1))".
Proof of inequality (2).
By replacing in Huygens Inequality (x+ )y + 1)(z+ 1) > ((yz) ' + 1)3

(x,y,z) with (W 2 2—) we obtain
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(%+1><§+1>(§+1>2(<2r 2r 2r> +1> <
(a+2r)(b+2r)(c+2r) > ((abe)'” + 2r> .
Since (abe)'? +2r > 2r<,/§ + 1) & (abe)'® > 213 = abe > 2433 =
4Rrs > 24r3/3 <= Rs > 6r2/3 ,where latter inequality holds because R > 2r and
s >3J3rthen (a+2r) b +2r)c+2r) = (2r(J3 +1))°.

Remark. Limit counterxample:
The fact that the inequality of the problem isn’t holds for any triangle easily




follows from the consideration of a degenerate isosceles triangle
(as the limiting case of an obtuse isosceles triangle):
Ifa =bandc =2a then R = oo, = 0 and (1) isn’t holds.



